A method for modifying two-dimensional adaptive wind-tunnel walls including analytical and experimental verification by Everhart, J. L.
NASA 
Technical 
Paper 
2081 
=,m - 
- 2  
February 1983 
NASA 
Experimental Verification 
Joel L. Everhart 
LOAN COPY: RETURN TO 
AFWL TECHNW UBRARY 
KlWLAND RFB, N.M. 
https://ntrs.nasa.gov/search.jsp?R=19830010499 2020-03-21T05:38:27+00:00Z
TECH LIBRARY KAFB. NM 
NASA 
Tech n ica I 
Paper 
2081 
I 
1983 
NASA 
National Aeronautics 
and Space Administration 
Scientific and Technical 
Information Branch 
I Ilil lli11111111 III lll il II 
00b7728 
A Method for Modifying 
Two-Dimensional 
Adaptive Wind-Tunnel Walls 
Including Analytical and 
Experimental Verification 
Joel L. Everhart 
Langley Research Center 
Hampton, Virginia 
I 
SUMMARY 
The t h e o r e t i c a l  development of a simple and c o n s i s t e n t  technique f o r  removing 
t h e  i n t e r f e r e n c e  i n  adaptive-wall  wind tunnels  is reported.  A Cauchy i n t e g r a l  formu- 
l a t i o n  of t he  v e l o c i t i e s  i n  an imaginary i n f i n i t e  ex tens ion  of the  real  wind-tunnel 
flow is  obtained and eva lua ted  on a c losed  contour  d iv id ing  t h e  real  and imaginary 
flow. The contour c o n s i s t s  of t h e  upper and l o w e r  e f f e c t i v e  wind-tunnel w a l l s  ( w a l l  
p l u s  boundary-layer displacement th ickness)  and upstream and downstream boundaries 
perpendicular  t o  the  a x i a l  tunnel  flow. The r e s u l t i n g  i n t e g r a l  expressions f o r  t h e  
s t r e a m w i s e  and normal pe r tu rba t ion  v e l o c i t i e s  on t h e  contour  are i n t e g r a t e d  by assum- 
ing  a l i n e a r  v a r i a t i o n  of t he  v e l o c i t i e s  between data-measurement s t a t i o n s  along t h e  
contour.  In  an i t e r a t i v e  process ,  t he  v e l o c i t y  components ca l cu la t ed  on t h e  upper 
and lower boundaries are then used t o  correct the  shape of t h e  w a l l  t o  remove t h e  
i n t e r f e r e n c e .  Convergence of t he  technique i s  shown numerical ly  f o r  t he  cases of a 
c i r c u l a r  cy l inde r  and a l i f t i n g  and n o n l i f t i n g  NACA 0012 a i r f o i l  i n  incompressible  
flow. When s t a r t i n g  from s t r a i g h t  w a l l s ,  convergence i s  achieved i n  th ree  o r  four  
i t e r a t i o n s  i f  a r e l a x a t i o n  f a c t o r  of 0.25 is  used when applying the  p red ic t ed  w a l l  
changes. Experimental convergence a t  a t r anson ic  Mach number is  demonstrated by 
using an NACA 0012 a i r f o i l  a t  zero l i f t .  Convergence of the  experiment t o  wi th in  
t h e  wal l - reso lu t ion  capac i ty  is  achieved wi th in  t h r e e  o r  four  i t e r a t i o n s .  
INTRODUCTION 
Because of t h e  presence of t h e  wind-tunnel w a l l s ,  t he  flow about  a model i n  a 
wind tunnel  i s  cons t ra ined  from t h a t  which would be experienced i n  the  flow of f r e e  
a i r  about  t he  s a m e  model. The experimental  d a t a  acquired dur ing  a wind-tunnel tes t  
must then be ad jus t ed  (o r  co r rec t ed )  i n  some manner t o  remove the  e f f e c t s  of t h e  
wind-tunnel w a l l s  and, thus ,  g ive  a v a l i d  r ep resen ta t ion  of an unconstrained flow 
about the  model. In  t h e  p a s t ,  t h i s  has  been attempted both empi r i ca l ly  and t h e o r e t i -  
c a l l y .  An example of an empi r i ca l ly  der ived  c o r r e c t i o n  i n  so l id-wal l  wind tunnels  
would be t o  t e s t  two o r  more s i z e s  of the  same model i n  the  wind tunnel  t o  determine 
an appropr i a t e  r a t i o  of model s i z e  t o  tunnel  s i z e  f o r  s m a l l  w a l l  e f f e c t s .  Likewise, 
i n  v e n t i l a t e d  tunnels  t he  wall-openness r a t i o  f o r  low i n t e r f e r e n c e  may be determined 
by varying model s i z e  and tunnel-wall  openness. The aforementioned empir ica l  cor rec-  
t i o n s  are h igh ly  dependent on conf igu ra t ion  and flow cond i t ion  and, thus,  are expen- 
s i v e  i n  both t i m e  and money. Theore t i ca l  co r rec t ions  have been developed and appl ied  
t o  h e l p  remove the  empiricism. (See r e f s .  1 and 2.) When t e s t i n g  under modest wind- 
tunne l  f l o w  condi t ions ,  t hese  classical  c o r r e c t i o n s  are uncer ta in ;  however, when 
t e s t i n g  under adverse condi t ions  (i.e., high Mach number or l o w  Mach number with h igh  
l i f t ) ,  they are unre l i ab le .  
To circumvent t h e  requi red  a p p l i c a t i o n  of c o r r e c t i o n s  to  wind-tunnel d a t a ,  the  
e f f e c t i v e  wind-tunnel w a l l ,  def ined  as t h e  a c t u a l  tunnel  w a l l  p lu s  the  boundary 
l aye r ,  may be contoured t o  t h e  shape of t he  f r e e - a i r  s t r eaml ines  about  t h e  model. 
Thus, a f r e e - a i r  tes t  environment surrounds the  model. The apparent  f a l l a c y  of t h i s  
approach is  t h a t  it r e q u i r e s  knowledge of t h e  answer prior t o  t h e  test. 
In the  e a r l y  1940's,  Pres ton ,  e t  al., a t  t h e  Nat ional  Phys ica l  Laboratory,  
England, designed and t e s t e d  a wind tunne l  equipped with w a l l s  which could be 
adjus ted  to fo l low t h e  s t r eaml ines  about  an  a i r f o i l  model. (See r e f s .  3 and 4 . )  
These r e s e a r c h e r s  def ined  an  approximate method t o  a d j u s t  the w a l l s  which w a s  based 
on s i n g u l a r i t i e s  i n  t h e  p o t e n t i a l  f l o w .  Needless to  say,  their e f f o r t s ,  though 
no tab le ,  w e r e  n o t  very successfu l  because of t h e  l ack  of theoretical development and 
numerical computational a b i l i t y .  
Kroeger and Martin ( r e f .  5 )  presented an  approach f o r  s t r e a m l i n e  modi f ica t ion  to  
V/STOL wind tunnels  i n  1967. An a n a l y t i c a l  c a l c u l a t i o n  w a s  made and then a louvered 
w a l l  w a s  a d j u s t e d  t o  provide aerodynamic relief t o  reduce t h e  i n t e r f e r e n c e  i n  t h e  
v i c i n i t y  of t h e  model. In 1972, Lo publ ished a paper (ref. 6) which descr ibed  a 
t h e o r e t i c a l  technique for  reducing i n t e r f e r e n c e  by applying an a n a l y t i c a l l y  obtained 
p o r o s i t y  d i s t r i b u t i o n  t o  the wind-tunnel w a l l s  pr ior  t o  d a t a  a c q u i s i t i o n .  The poros- 
i t y  d i s t r i b u t i o n  c a l c u l a t e d  w a s  a func t ion  of Mach number and, a t  least t h e o r e t i -  
c a l l y ,  allowed t h e  streamwise g r a d i e n t  of l i f t  i n t e r f e r e n c e  to  be removed and t h e  
blockage to  be reduced. 
I n  1973, a method w a s  proposed by which t h e  s t r e a m l i n e  p a t t e r n  around any o b j e c t  
i n  a wind tunnel  could be matched with t h a t  r e s u l t i n g  from free a i r  flow about t h e  
same ob jec t .  This method, proposed by F e r r i  and Baront i  (ref.  7)  and also indepen- 
dent ly  by Sears (ref. 81, is  descr ibed as follows: an imaginary flow, s a t i s f y i n g  t h e  
same free-stream reference  as t h e  real  f l o w  i n  t h e  wind tunnel ,  i s  assumed t o  e x i s t  
ou ts ide  t h e  p h y s i c a l  boundaries of t h e  wind tunnel .  For u n r e s t r i c t e d ,  i n t e r f e r e n c e -  
f r e e  flow t o  e x i s t ,  t h e  boundary condi t ions  a t  t h e  i n t e r f a c e  between t h e  real  and 
imaginary flows ( t h e  e f f e c t i v e  wind-tunnel w a l l )  must be such t h a t  t h e  boundary con- 
d i t i o n s  governing the t o t a l  flow ( r ea l  p lus  imaginary) are those a s s o c i a t e d  with f r e e  
a i r ,  t h a t  i s ,  t h e  unperturbed condi t ions  a t  i n f i n i t y  p l u s  t h e  condi t ions  imposed on 
t h e  test  model. This is another  way of s t a t i n g  tha t  t h e  imaginary flow is  a continu- 
ous extension of t h e  real  flow t o  i n f i n i t y .  I f  t w o  properties of t he  real  flow are 
known a t  t h e  wind-tunnel boundary, such as t h e  p r e s s u r e  and s t reaml ine  s l o p e  o r  t h e  
pressure  and mass-flow rate, then one of t h e  q u a n t i t i e s  may be used with t h e  boundary 
condi t ion  a t  i n f i n i t y  t o  def ine  the imaginary f l o w  f i e l d .  After t h i s  has  been accom- 
p l i shed ,  t he  remaining q u a n t i t y  may be c a l c u l a t e d  a n a l y t i c a l l y  and compared with t h e  
experimental ly  determined value a s  a consis tency check for  t h e  continuous exten- 
s i o n  of t he  real f l o w .  I f  t h e  t w o  q u a n t i t i e s  match, t h e  test  model is i n  a free-air 
environment; i f  no t ,  modif icat ions t o  t h e  real  flow are made a t  t h e  wind-tunnel 
boundary and t h e  process  i s  repeated u n t i l  convergence to  t h e  f r e e - a i r  condi t ion  i s  
achieved. 
The aforementioned wal l - in te r fe rence  reduct ion  and/or e l imina t ion  method pre- 
sen ted  has been implemented a t  several d i f f e r e n t  research  organiza t ions  around t h e  
world. Beginning i n  1971, t h e  Calspan Corporation s t a r t e d  the development of an 
experimental  wind tunnel  t o  tes t  t h e  Ferri-Sears concept.  Their tunnel  w a s  a t w o -  
d imens iona l -a i r fo i l  f a c i l i t y  equipped with many plenum chambers along the upper and 
lower porous w a l l s .  The s t reaml ine  contour w a s  a d j u s t e d  by varying the mass flow 
through the d i f f e r e n t  plenum chambers. Resul t s  of t h e i r  experiments presented i n  
re ference  9 showed convergence t o  near  f r e e  a i r  i n  about  t h r e e  success ive  i t e r a t i o n s  
on t h e  wal l -control  var iab les .  Reference 9 a l s o  de ta i led  some of t h e i r  t h e o r e t i c a l  
and numerical ana lyses  along with t h e i r  i t e r a t i v e  method. Tunnel design and f l o w -  
f i e l d  measurements w e r e  a l s o  discussed. Reference 10 d iscussed  t h e  extension of t h e  
Calspan work t o  high t ransonic  Mach numbers and a lso t h e  beginning of an i n v e s t i g a -  
t i o n  of a three-dimensional wind-tunnel design. 
A t es t  s e c t i o n  with s o l i d  f l e x i b l e  w a l l s  w a s  i n s t a l l e d  i n  the French ONERA S4LCh 
wind tunnel  ( r e f s .  11 and 12) and w a s  s u c c e s s f u l l y  used t o  remove wal l - in te r fe rence  
e f f e c t s  by c o n t r o l l i n g  t h e  s t reaml ine  s lope.  The slope was i n t e g r a t e d  to  give t h e  
streamline-shaped w a l l  locat ion.  me French tests w e r e  conducted a t  t r a n s o n i c  Mach 
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numbers under l i f t i n g  and n o n l i f t i n g  condi t ions.  Considerat ion w a s  given t o  three-  
dimensional tunnels  having s o l i d  f l e x i b l e  w a l l s .  
Another very ex tens ive  s tudy ,  involving t h e  Univers i ty  of Southampton, England, 
and the Langley Research Center,  i nves t iga t ed  the use of s o l i d  f l e x i b l e  w a l l s  f o r  
both low-speed and t r anson ic  wind tunnels .  (See r e f s .  13 to  16.) The r e s u l t s  of the 
low-speed s t u d i e s  ( r e f .  16) have been very encouraging with convergence i n  th ree  o r  
f o u r  i t e r a t i o n s  a t  any a i r f o i l  angle  of a t t a c k  when s t a r t i n g  from s t r a i g h t  (unstream- 
l i n e d )  w a l l s  and usua l ly  with convergence i n  one o r  two i t e r a t i o n s  when s t a r t i n g  from 
a known s o l u t i o n  a t  one angle  of a t t a c k  and moving t o  another  angle  of a t t a c k .  (See 
r e f .  15.) Theore t i ca l  s t u d i e s  of convergence, f i n i t e  t e s t - s e c t i o n  e f f e c t s ,  etc., 
w e r e  repor ted  i n  re ference  17. The use  of the f l ex ib l e -wa l l  tunnel  i n  o the r  modes of 
opera t ion  is  d iscussed  i n  r e fe rences  14 and 16. Among these  are i n f i n i t e  flow f i e l d ,  
cascade, ground e f f e c t ,  and s teady  p i t ch ing  modes, thus  i n d i c a t i n g  the u t i l i t y  and 
v e r s a t i l i t y  of an adaptive-wall  wind tunnel .  
One of t h e  main reasons f o r  us ing  the  adaptive-wall  p r i n c i p l e ,  i n  a d d i t i o n  t o  
the  reduct ion i n  i n t e r f e r e n c e  t h a t  it o f f e r s ,  i s  the  i n c r e a s e  i n  t es t  Reynolds number 
a t t a i n a b l e  because of t h e  al lowable inc rease  i n  model s i z e  with r e spec t  t o  tunnel  
s i z e  and, correspondingly,  t he  decrease i n  power requirements a t  a given Reynolds 
number. The Southampton tunnel ,  f o r  ins tance ,  has a chord-height r a t i o  of 0.90 and a 
tunnel  height-width r a t i o  of 0.50. The o the r  tunnels  c i t e d  have chord-height r a t i o s  
of about  0.50 and height-width r a t i o s  of 1.20 o r  less. Typical  two-dimensional- 
a i r f o i l  tunnels  have chord-height r a t i o s  and height-width r a t i o s  of 0.33 o r  less and 
3 o r  g r e a t e r ,  r e spec t ive ly .  Wolf and Goodyer ( r e f .  16) c i t e d  a poss ib l e  problem area 
i n  adapt ive-wal l  tunnel  design by making the chord-height r a t i o  too la rge .  They 
a t t r i b u t e d  the  d i s p a r i t y  between t h e i r  r e s u l t s  and e s s e n t i a l l y  in t e r f e rence - f r ee  
r e s u l t s  t o  a flexible-wall-boundary-layer i n t e r a c t i o n  w i t h  t he  a i r f o i l  wake a t  l a r g e  
a i r f o i l  angles  of a t t a c k .  
In  each of t he  aforementioned i n v e s t i g a t i o n s  of two-dimensional-airfoil  tunnels  
w i t h  adapt ive  w a l l s ,  the  imaginary flow f i e l d s  have been determined as two s e p a r a t e  
c a l c u l a t i o n s  on t h e  upper and lower domains e x t e r i o r  to  t h e  upper and lower wind- 
tunnel  w a l l s .  This manner of handl ing the  i t e r a t i o n  procedure decouples the  ca l cu la -  
t i o n s  f o r  opposing w a l l s  bu t  does not  decouple the  e f f e c t s  of changes made t o  one 
w a l l  on the  opposing w a l l .  Thus, excess ive  o s c i l l a t i o n  between w a l l s  can and does 
occur  i n  t h e  i t e r a t i o n  procedure i f  t he  w a l l s  are n o t  allowed t o  "communicate." In  
order  t o  reduce the  w a l l  o s c i l l a t i o n  and, thus,  the  number of i t e r a t i o n s ,  Wolf and 
Goodyer ( r e f .  15)  introduced a c o r r e c t i o n  method which summed a c e r t a i n  percentage of 
the  movement of each of t he  opposing w a l l s  a t  each a x i a l  tunnel  s t a t i o n .  Likewise, 
t o  c o n t r o l  t h e  overshoot i n  t h e  Calspan p red ic t ion ,  Sears ( r e f .  8) suggested applying 
only a percentage of t he  ind ica t ed  w a l l  change. Vidal ,  e t  a l . ,  ( r e f .  9 )  r e p o r t  t h a t  
empi r i ca l ly  determined r e l a x a t i o n  f a c t o r s  of 0.25 w e r e  used. 
As i nd ica t ed  previous ly ,  s t u d i e s  w e r e  made with independent c a l c u l a t i o n s  f o r  t h e  
imaginary flow f i e l d s  e x t e r i o r  t o  t h e  upper and lower w a l l s  of the  two-dimensional 
wind tunnel  which decoupled the  adjustment  of t he  w a l l s .  Even though Cheval l ie r  
( r e f ,  11) proposed t h a t  t h e  imaginary flow should be c a l c u l a t e d  f o r  a region e x t e r i o r  
t o  a box conta in ing  the  wind tunnel  and that information obta ined  along the  complete 
box contour  be used f o r  the c a l c u l a t i o n ,  he ind ica t ed  i n  re ference  1 2  that t h i s  pro- 
cedure w a s  n o t  used and tha t  separate upper and l o w e r  c a l c u l a t i o n s  w e r e  made. Fach 
of t hese  imaginary flows are determined on t h e  half-plane,  and they r equ i r e  informa- 
t i o n  on boundaries extending t o  p o s i t i v e  and negat ive  i n f i n i t y .  Since the  requi red  
information e x i s t s  only along t h a t  po r t ion  of the boundary occupied by the wind tun- 
ne l ,  ex t r apo la t ion  of t h e  known w a l l  behavior must be made t o  s a t i s f y  the  boundary 
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condi t ions .  This  procedure in t roduces  an e r r o r  of unknown magnitude i n t o  t h e  itera- 
t i o n  process .  Analyses of t he  probable s i z e  of t h i s  e r r o r  are given i n  refer- 
ences 1 2 ,  17, and 18. 
The purpose of t h e  p re sen t  r e p o r t  is  t o  p r e s e n t  a coupled a n a l y t i c a l  and experi-  
mental method for e l imina t ing  t h e  i n t e r f e r e n c e  e f f e c t s  of the upper and lower wind- 
tunne l  w a l l s  on an  a i r f o i l  t e s t e d  i n  a t y p i c a l  two-dimensional t r anson ic  wind tunnel  
with s o l i d  f l e x i b l e  floor and c e i l i n g  boundaries.  An i n t e g r a l  r ep resen ta t ion  for t h e  
induced v e l o c i t y  a long  t h e  wind-tunnel w a l l  is  developed and is evaluated by using 
d a t a  obtained on a c losed  contour composed of t h e  upper and lower w a l l s  and upstream 
and downstream boundaries  surrounding the  model. An i t e r a t i v e  technique i s  developed 
and experimental  v e r i f i c a t i o n  of t he  method is  made f o r  a n o n l i f t i n g  a i r f o i l .  A com- 
pa r i son  is made with near - in te r fe rence- f ree  d a t a  and a l s o  with two d i f f e r e n t  numeri- 
cal  s imula t ions  of t he  wind-tunnel geometry. 
The t h e o r e t i c a l  and experimental  i n v e s t i g a t i o n  presented  i n  t h i s  r e p o r t  w a s  
begun i n  e a r l y  1976 and w a s  completed i n  1977. The l i t e r a t u r e  survey presented  is  
i n d i c a t i v e  of t h e  s ta te  of the  a r t  of adapt ive-wal l  technology a t  the  t i m e  of t he  
i n v e s t i g a t i o n  and does no t  inc lude  r e c e n t  advances. When t h i s  work w a s  completed, it 
w a s  one of t he  f i r s t  t r anson ic  adaptive-wall  s o l u t i o n s  and t h e  only adaptive-wall  
theory applying Cauchy i n t e g r a l  techniques.  Between t h e  t i m e  of completion of t h e  
t e s t  program and t h i s  publ ica t ion ,  many advances have been made and s imi l a r  t h e o r e t i -  
cal  approaches have been repor ted .  The r e c e n t  work of Kra f t  ( r e f .  19) is  no tab le  
among the  a p p l i c a t i o n s  of t he  Cauchy i n t e g r a l  techniques.  Kraf t  appl ied  t h e  Cauchy 
i n t e g r a l  t o  the  i n t e r i o r  of the  wind tunnel  to  ob ta in  express ions  f o r  t he  i n t e r -  
fe rence  v e l o c i t i e s ,  whereas the  technique repor ted  he re in  a p p l i e s  the  Cauchy i n t e g r a l  
t o  the  e x t e r i o r  of t he  wind tunnel  t o  determine c o r r e c t i o n s  to  the  w a l l  boundary con- 
d i t i o n .  A survey of past experience and r e c e n t  technology app l i cab le  t o  adapt ive  
w a l l s  w a s  given a t  an AGARD symposium on " W a l l  I n t e r f e rence  i n  Wind Tunnels" i n  
May 1982. 
SYMBOLS 
2 A c ross - sec t iona l  a r ea  of wind tunnel ,  i n  
c o e f f i c i e n t s  of d i s c r e t i z e d  v e l o c i t y  i n t e g r a l s  (where i = 1,2,3 and 
j = 1,2)  
p re s su re  c o e f f i c i e n t  
chord 
P 
C 
C 
s e c t i o n  l i f t  c o e f f i c i e n t  
1 
C 
C s e c t i o n  pitching-moment c o e f f i c i e n t  
c1,c2,c3 
F a n a l y t i c  func t ion  
m 
d i f f e r e n t  branches of contour of i n t e g r a t i o n  
11,12,~3 d e f i n i t e  i n t e g r a l s  
4 
i 
n 
P 
pC 
'j 
CT, 
Rchord 
RX 
6* 
r 
U 
ucn 
u+ 
imaginary number, fi 
w a l l  l ength  between two data-measurement s t a t i o n s ,  i n .  
Mach number 
number of measurement s t a t i o n s  
running variable along wind-tunnel w a l l  between measurement s t a t i o n s ,  in .  
d i s t a n c e  along s i n g u l a r  s t r i p  t o  w a l l  s i n g u l a r i t y ,  i n .  
l o c a t i o n  along wind-tunnel w a l l  where a measurement s t a t i o n  occurs ,  where 
j = 1 t o  n, i n .  
Cauchy p r i n c i p a l  va lue  
q u a n t i t y  def ined  by equat ion (A27) 
radial  d i s t a n c e  def ined  i n  f i g u r e  1 ,  i n .  
Reynolds number based on chord 
Reynolds number based on x 
Reynolds number based on 6* 
d i s t a n c e  from c o n t r o l  p o i n t  t o  running p o i n t  of i n t e g r a t i o n ,  i n .  
running coord ina tes  
complex ve loc i ty ,  f t / s e c  
f ree-s t ream v e l o c i t y ,  f t / s e c  
complex v e l o c i t y  eva lua ted  on c, ,  f t / s e c  
x and y per turba t ion-ve loc i ty  component$, r e s p e c t i v e l y ,  f t / s e c  
Carkesian coord ina tes  i n  transformed plane 
Car tes ian  coord ina tes  i n  real plane 
imaginary va r i ab le ,  x + i y  
compress ib i l i t y  f a c t o r ,  
ra t io  of s p e c i f i c  h e a t s  
change i n  ( ) 
boundary-layer displacement th ickness ,  i n .  
incrementa l  l i m i t i n g  d i s t ance ,  in .  
1 1  - M, 2 
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r l r  F coord ina te  d i f f e r e n c e  def ined  by equat ions  (16)  and ( 1 5 ) ,  r e s p e c t i v e l y  
0 l o c a l  w a l l  slope, dy/dx, rad  
P dummy v a r i a b l e  of i n t e g r a t i o n  
't ang le  def ined  i n  equat ion  ( I O ) ,  r a d  
4 transformed pe r tu rba t ion -ve loc i ty  p o t e n t i a l  
real pe r tu rba t ion -ve loc i ty  p o t e n t i a l  4r 
Subscr ip ts :  
C s i n g u l a r  p o i n t  
i , j  i n d i c e s  of p o i n t s ,  pane ls ,  e tc .  
0 r e fe rence  cond i t ion  
r real  flow 
m f r e e  stream 
Abbreviation: 
r m s  r o o t  mean square  
A prime i n d i c a t e s  an a r b i t r a r y  p o i n t  on t h e  contour. 
PROBLEM FORMULATION 
This r e p o r t  p r e s e n t s  a method f o r  reducing o r  removing t h e  i n t e r f e r e n c e  e f f e c t s  
of the upper and lower w a l l s  of a two-dimensional wind tunnel .  I n  t h i s  r e p o r t ,  on ly  
t h e  case of a s teady ,  f u l l y  developed, two-dimensional f l u i d  flow over an a i r f o i l  i n  
a t y p i c a l  a i r f o i l  wind tunnel  is considered. Although an a i r f o i l  i s  s p e c i f i e d ,  t h e  
method i s  gene ra l  enough tha t  any two-dimensional o b j e c t  should no t  be excluded as 
long as r e s t r i c t i o n s  (which are t o  be s t a t e d )  are n o t  v i o l a t e d .  
The upper and lower wind-tunnel w a l l s  have a f i n i t e  number of s t a t i o n s  a t  which 
the v e r t i c a l  l o c a t i o n  of the w a l l  can be con t ro l l ed .  The w a l l  is  assumed t o  be t h i n  
and f l e x i b l e  so t h a t  in te rmedia te  l o c a t i o n s  between t h e  adjustment s t a t i o n s  approxi- 
mate a s p l i n e  curve. I f  t he  w a l l  approximates a s t r eaml ine  about t he  a i r f o i l ,  t h e  
w a l l  cu rva tu res  w i l l  n o t  be excessive.  
The e f f e c t s  of v i s c o s i t y  are considered t o  be confined t o  t h e  region immediately 
ad jacen t  t o  the  four  w a l l s  of t h e  wind tunnel  wi th in  the  displacement th i ckness  o f  
t h e  w a l l  boundary l aye r .  Viscous e f f e c t s  on t h e  a i r f o i l  are unimportant t o  t h e  
a n a l y s i s ,  except  with regard t o  the  r e l a t i o n s h i p  t h a t  they have with the  development 
of the  wake behind the  a i r f o i l .  Since t h e  th ickness  of t h e  wake is  gene ra l ly  s m a l l  
compared t o  t h e  h e i g h t  of the  tunnel ,  the viscous effects of t he  wake are n o t  consid- 
e red  here.  
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The formation of shocks i n  t h e  flow f i e l d  wi th in  t h e  wind tunnel  is  al lowable;  
however, no provis ion  is made f o r  shock impingement on the  upper and l o w e r  wind- 
tunne l  w a l l s .  The method extends t h e  real f l o w  wi th in  t h e  tunnel  t o  i n f i n i t y  by 
in t roducing  an imaginary flow e x t e r i o r  t o  t h e  tunnel .  The imaginary po r t ion  of t h e  
flow f i e l d  i s  assumed t o  be i s e n t r o p i c  even though shock waves may e x i s t  i n  t h e  
real flow. It is  shown ( r e f .  20) t h a t  t he  terms a f f e c t e d  by t h i s  assumption are of 
h igher  order  than  those  t o  be considered i n  t h i s  ana lys i s .  Because of t he  i s e n t r o p i c  
assumption and the  na ture  of t he  a n a l y s i s ,  t he  equat ion governing the  imaginary flow 
i s  taken as 
where i s  t h e  s m a l l  p e r t u r b a t i o n - v e - x i t y  poten i a l  and M, i s  the  free-s t ream 
Mach number. This is  t h e  l i n e a r i z e d ,  two-dimensional, compressible-flow equation. 
The xr coord ina te  is  measured a x i a l l y  i n  t h e  tunnel .  The y coord ina te  i s  
measured i n  t h e  v e r t i c a l  d i r e c t i o n .  Boundary condi t ions  f o r  t6e real flow are t h e  
usua l  condi t ions  of zero  normal v e l o c i t y  a t  t h e  a i r f o i l  su r f ace  and e i t h e r  t h e  
pressure  o r  s t r eaml ine  s lope  a t  t h e  e f f e c t i v e  w a l l s  of t he  wind tunnel .  Boundary 
condi t ions  f o r  t he  imaginary flow e x t e r i o r  t o  the  tunnel  are the  p re s su re  d i s t r i b u -  
t i o n  o r  s t reaml ine  s lope  a t  t h e  e f f e c t i v e  w a l l s  and vanishing pe r tu rba t ion  v e l o c i t i e s  
a t  i n f i n i t y .  In order  t o  so lve  the  coupled boundary-value problems c o n s i s t e n t l y ,  
however, both pressure  and s t reaml ine  s lope  should be spec i f i ed .  
METHOD OF A N A L Y S I S  
The u t i l i z a t i o n  of t he  Ferr i -Sears  concept r equ i r e s  t he  s o l u t i o n  of equat ion ( 1 )  
i n  the region e x t e r i o r  t o  the  rea l  flow i n  the  wind tunnel .  By using the  fol lowing 
Goether t  s c a l i n g  r u l e s :  
x = x r  7 
equat ion ( 1 )  becomes 
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Thus, t he  imaginary flow can be determined by using s t anda rd  poten t ia l - f low 
techniques.  
Development of I n t e g r a l  Representat ion of Veloc i ty  F ie ld  a t  Boundary 
Since the  shock waves do n o t  extend t o  (o r  beyond) t h e  w a l l s  of t he  wind tunne l ,  
t h e  func t ion  4 i s  assumed t o  be continuous.  Because i r r o t a t i o n a l  flow is  assumed, 
the v e l o c i t y  components u and v are obtained from 
and 
As a r e s u l t  of the  preceding argument, t he  func t ions  u and v and t h e i r  der iva-  
t i v e s  a r e  assumed t o  be continuous.  By appropr ia te  d i f f e r e n t i a t i o n  of equat ions ( 4 )  
and ( 5 ) ,  u and v may be shown t o  s a t i s f y  the  Cauchy-Riemann condi t ions  and a l s o  
the  Laplace equat ion.  Thus, they s a t i s f y  requirements f o r  harmonic func t ions .  (See 
r e f .  21.) These func t ions  may then be used t o  de f ine  a new funct ion  U ( z )  which is 
a n a l y t i c  ( r e f .  21 )  i n  the  domain e x t e r i o r  t o  the  wind tunne l  and which also s a t i s f i e s  
t h e  Laplace equation. ?he func t ion  U ( z )  is  given by t h e  express ion  
In genera l ,  i f  any func t ion  F(z) i s  a n a l y t i c  on and wi th in  a simple c losed  
contour such as t h a t  represented  i n  f i g u r e  I ,  t he  Cauchy i n t e g r a l  formula ( r e f .  21) 
may be used t o  determine the  value of F ( z )  a t  any p o i n t  z = x + i y  within t h e  
domain. The Cauchy i n t e g r a l  formula is  given by 
where z i s  the  loca t ion  a t  which t h e  value of F is  d e s i r e d  and p i s  the  dummy 
v a r i a b l e  of i n t eg ra t ion .  Examination of equat ion ( 7 )  r e v e a l s  t h a t  the  determinat ion 
of F ( z )  r equ i r e s  knowledge of t he  values  of F ( z )  occur r ing  on the  boundaries of 
t h e  given a n a l y t i c  domain, t h a t  i s ,  F ( p ) .  
I n  order  t o  r ep lace  F ( z )  i n  equat ion ( 7 )  With U ( z )  g iven i n  equat ion (6), 
the  behavior of u and v on a l l  boundaries must be known. I f  contour c1 of 
f i g u r e  1 i s  taken as the  c o n t r o l  sur face ,  then u and v are known measured quant i -  
ties. For a f lex ib le -wal l  tunnel ,  t h i s  su r f ace  is taken t o  be co inc iden t  with t h e  
upper and l o w e r  e f f e c t i v e  w a l l s  of t he  wind tunnel  and i s  c losed  by two p lanes  per- 
pendicular  t o  the  undisturbed flow i n  the  tunnel ,  one loca ted  ahead of t he  model and 
one behind the  model. Boundary d a t a  along c2 are no t  r equ i r ed  because the  i n f l u -  
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ence of t hese  d a t a  i s  cancel led.  I f  contour c3 i s  taken as the  l i m i t  of R going 
to  i n f i n i t y ,  then u and v on c3 w i l l  vanish s i n c e  t h e  pe r tu rba t ions  vanish a t  
i n f i n i t y .  Equation (7) is  then r e w r i t t e n  as: 
I t  is  important  t o  no te  t h a t  t h e  region labe led  "Singular  region" i n  f i g u r e  1 com- 
prises the  area contained wi th in  t h e  e f f e c t i v e  w a l l s  of t h e  wind tunnel  and o u t s i d e  
t h e  contour cl. The a i r f o i l  and tunne l  condi t ions  impose a p res su re  d i s t r i b u t i o n  
along the  w a l l s  of t he  contour,  which gives  rise t o  a pe r tu rba t ion -ve loc i ty  f i e l d .  
The exact na tu re  of t h e  flow is  unknown. Information i s  no t  known o r  needed on 
shock-wave formation,  the  model test  conf igura t ion ,  and condi t ions  of t h i s  type.  
As s t a t e d  earlier,  equat ion (8)  w i l l  g ive values  of t he  v e l o c i t y  func t ion  U ( z )  
wi th in  the  a n a l y t i c  domain. In orde r  t o  obta in  values  U+(z) on the contour,  a 
l i m i t i n g  process  must be appl ied  t o  equat ion ( 8 ) .  Figure 2 shows the  contour over 
which the  l i m i t i n g  process  occurs  as z approaches c from the  i n t e r i o r  and 
de f ines  t h e  symbols used i n  t h e  formulat ion.  Equation (8), when w r i t t e n  over t he  
contour i n  f i g u r e  2, is  
1 
Using the  d e f i n i t i o n  
al lows the  l as t  i n t e g r a l  i n  equat ion ( 9 )  t o  be expressed as 
Then, s u b s t i t u t i n g  equat ion  (11)  i n t o  ( 9 )  g ives  
(12)  
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f o r  va lues  of U(z) when z i s  on t h e  contour c ( t h e  wind-tunnel-wall con tour ) ,  
t h a t  is ,  U+(z). The real and imaginary po r t ions  of U+(z) are obta ined  by making 
t h e  fo l lowing  s u b s t i t u t i o n s  i n t o  equat ion  ( 1 2 ) :  
1 
z = x + i y  ( 1  3) 
p = s + i t  (1  4 )  , 
c = s - x  (15)  
q =  t - y (16)  
and equat ion  ( 6 ) .  After manipulation, t h e  u and v components of t he  p e r t u r b a t i o n  
v e l o c i t y  eva lua ted  on the  contour c1 become, r e s p e c t i v e l y ,  
(Uq + v5)dS - (US - v q ) d t  
2 u ( x , y )  = - - 71: r 
1 
and 
Note t h a t  the s u p e r s c r i p t  + (denot ing  l i m i t i n g  va lue  on t h e  contour)  has been d e l e t e d  
from u and v f o r  convenience. The r e s u l t s  of equa t ions  (18) and (19)  can be 
transformed back t o  t h e  compressible plane by us ing  equa t ions  ( 2 ) .  
Treatment of Boundary D a t a  
The information c o l l e c t e d  a t  t h e  c o n t r o l  s u r f a c e  c1 i s  usua l ly  i n  the form of 
p re s su re  and flow angle .  These q u a n t i t i e s  are converted t o  t h e  v e l o c i t i e s  ur and 
vr by using 
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and 
dyr  
dxr 
= -  vr O =  
r U = + U  r 
i s  the  p re s su re  CP,r where 
( 2 1  1 
1 
C 
c o e f f i c i e n t  and is the  (assumed s m a l l )  flow 
angle  with r e s p e c t  t o  the  f r e e  stream a t  the  c o n t r o l  sur face ;  t h a t  i s ,  Or = t a n  Or. 
Contour Adjustment t o  Reduce W a l l  I n t e r f e rence  
The Ferri-Sears i t e r a t i o n  r equ i r e s  measurement of two flow q u a n t i t i e s .  One of 
these  is  used t o  c a l c u l a t e  an imaginary extension of t he  real flow to  i n f i n i t y ;  t h e  
o t h e r  is  used as a cons is tency  check with i t s  imaginary counterpar t .  In the  p re sen t  
method, the  u and v components of t he  v e l o c i t y  a t  the  c o n t r o l  sur face  are 
obtained from equat ions (20) and ( 2 1 )  and then a r e  used t o  eva lua te  equat ions (18) 
and (19)  i n  order  t o  c a l c u l a t e  t he  s t reaml ine  s lope  i n  the e x t e r i o r  flow. This s lope  
i s  in t eg ra t ed  t o  ob ta in  a new w a l l  pos i t i on ,  and the  c a l c u l a t e d  value is  then com- 
pared with the  corresponding measured value t o  determine i f  con t inu i ty  e x i s t s  between 
t h e  real and imaginary flows. I f  a discrepancy e x i s t s  between the  measured and ca l -  
cu la ted  contours ,  the  contour is  moved and the  process is then repeated.  If  t he  
e r r o r  is reduced t o  an acceptab le  l e v e l ,  convergence is  dec lared  and the  measured 
wind-tunnel da t a  should be c o r r e c t  t o  within de f inab le  l i m i t s  of accuracy. 
It  i s  important  t o  note  t h a t  i f  changes a r e  made a t  one loca t ion  on t h e  wal l ,  
t he  e f f e c t s  of t h i s  change are f e l t  g loba l ly  i n  the  tunnel  un less  the  change is very 
s m a l l .  Thus, t he  wal l s  should n o t  be decoupled during ex ter ior - f low ca lcu la t ions .  
The p resen t  method allows communication between the  wal l s  and should tend t o  reduce 
t h e  o s c i l l a t i o n  p resen t  i n  o the r  methods, although a r e l a x a t i o n  of t he  ca l cu la t ed  
co r rec t ion  w i l l  most l i k e l y  have t o  be appl ied.  
COMPUTER PROGRAM FOR WIND-TUNNEL-WALL ANALYSIS 
To apply the  a n a l y s i s  of t he  preceding sec t ions ,  equat ions (18)  and (19)  must be 
reduced t o  a form s u i t a b l e  f o r  numerical so lu t ion .  Since speed and low c o s t  are 
e s s e n t i a l  during any computer opera t ion  occurr ing while running a wind tunnel ,  simple 
methods must be used. It i s  assumed t h a t  t he  pressure  d a t a  obtained on the  wal l  a r e  
dense enough t h a t  a l i n e a r  v a r i a t i o n  of t he  v e l o c i t y  components between measurement 
s t a t i o n s  w i l l  r e f l e c t  t h e i r  t r u e  va r i a t ion .  It i s  a l s o  assumed t h a t  t he  shape of 
t he  w a l l  between the  adjustment s t a t i o n s  w i l l  approximate a s p l i n e  curve so t h a t  any 
in te rmedia te  w a l l  l o c a t i o n  and slope may be determined from the  s p l i n e  f i t  of t he  
w a l l  o rd ina tes .  With these  t w o  approximations i n  the  in tegrands  of equat ions (1  8 )  
and ( 1 9 ) ,  t h e  v e l o c i t y  i n t e g r a l s  may be s impl i f i ed  and eva lua ted  along strips between 
pressure-measurement s t a t i o n s .  The e f f e c t s  of each of t hese  strips are then summed 
over the  e n t i r e  contour,  which r e s u l t s  i n  a value of t he  induced ve loc i ty  a t  each of 
t he  adjustment s t a t i o n s  along the  e f f e c t i v e  wind-tunnel-wall contour The d i s -  
c r e t i z a t i o n  of t he  equat ions i s  shown i n  d e t a i l  i n  t h e  appendix, and a computer pro- 
gram c a l l e d  "FLEXWAL" has been w r i t t e n  t o  implement the  method. 
c1 . 
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RESULTS 
The genera l  app l i ca t ion  of t he  method w a s  descr ibed  i n  the  preceding s e c t i o n s .  
The s p e c i f i c  d e t a i l s  of i t s  use w i l l  be descr ibed i n ' t h e  fol lowing s e c t i o n s  along 
with numerical and experimental  v e r i f i c a t i o n .  The experimental  r e s u l t s  w i l l  be 
compared with experimental  d a t a  and a l s o  with a w a l l  shape obtained by a d i f f e r e n t  
method . 
Numerical Demonstration of Convergence 
The convergence p rope r t i e s  of t he  concept were s tud ied  numerically f o r  t h r e e  
incompressible tes t  cases: a c i r c u l a r  cy l inde r ,  a n o n l i f t i n g  NACA 0012 a i r f o i l ,  and 
an NACA 0012 a i r f o i l  a t  an angle  of a t t a c k  of 3 O .  The p res su re  d i s t r i b u t i o n  imposed 
along the  wind-tunnel wal l s  during the  numerical s t u d i e s  w a s  obtained by using the  
MAAD computer program descr ibed i n  re ference  22. This program so lves  the  i n v i s c i d ,  
incompressible flow f i e l d  about multielement a i r f o i l s  using panel  methods. To simu- 
la te  w a l l s ,  one element, which would normally be used f o r  t h e  a i r f o i l ,  may be wrapped 
around the  a i r f o i l  conf igura t ion  t o  be analyzed. Various types of boundary condi- 
t i o n s  may be prescr ibed  along the  d i f f e r e n t  su r f aces ,  and e i t h e r  a n a l y s i s  o r  des ign  
cases  may be computed. The MAAD program produces r e s u l t s  i n  the  form of p re s su re  
d i s t r i b u t i o n s  along the  w a l l s  and a i r f o i l  sur face .  The fo rce  c o e f f i c i e n t s  are 
der ived from the  i n t e g r a t i o n  of t he  pressures .  
I n  each of t he  tes t  cases  the  chord-height r a t i o  w a s  chosen a s  0.5 t o  provide a 
severe  test  of t he  method, and a l l  i t e r a t i o n s  w e r e  s t a r t e d  from s t r a i g h t  undiverged 
w a l l s .  Boundary condi t ions  of vanishing normal v e l o c i t y  were prescr ibed  a long  
the  upper and lower tunnel  wal ls  and along the  a i r f o i l  sur face .  The tunnel  w a l l s  
were extended f a r  enough upstream and downstream of the  model t o  a l low the  v e r t i c a l -  
v e l o c i t y  components t o  be neglected and, thus,  a free-s t ream v e l o c i t y  of un i ty  w a s  
prescr ibed.  W a l l  p ressures  generated by the  MAAD program and the e x i s t i n g  wal l  shape 
w e r e  then used a s  i n p u t  t o  the  FLMWAL program. Resul t s  from the  FLEXWAL program 
w e r e  i n  the  form of Ay co r rec t ions  a t  the  wall-adjustment l oca t ions .  These new 
w a l l  l oca t ions  were then used as inpu t  t o  the  MAAD program, and the  process was 
repeated. 
The convergence p r o p e r t i e s  of the  method f o r  a c i r c u l a r  cy l inde r  a r e  presented 
i n  f i g u r e  3. Here, the  r o o t  mean square ( r m s )  of t he  p red ic t ed  wal l  c o r r e c t i o n  nor- 
malized by the  r m s  value of the  f i r s t  p red ic t ion  i s  p l o t t e d  a g a i n s t  the  i t e r a t i o n  
number f o r  var ious values  of wal l  r e l axa t ion .  If  t he  f u l l  p red ic ted  c o r r e c t i o n  i s  
used, then an uns tab le  s i t u a t i o n  e x i s t s  and the  method d iverges  rap id ly .  However, 
i f  only 25 percent  of the  co r rec t ion  is  appl ied ,  t he  maximum convergence r a t e  i s  
achieved. %is i s  c o n s i s t e n t  with the  r e s u l t s  of re ference  9. Figure 4 presen t s  the  
w a l l  shapes obtained by using an under r e l axa t ion  f a c t o r  of 0.25 of t he  p red ic t ed  Ay 
co r rec t ion .  Very l i t t l e  change occurs after the  t h i r d  i t e r a t i o n ,  and e s s e n t i a l l y  no 
change occurs a f t e r  the  fou r th  i t e r a t i o n .  
The convergence c h a r a c t e r i s t i c s  were then s tudied  f o r  both a n o n l i f t i n g  and 
l i f t i n g  NACA 0012 a i r f o i l ,  and the  wal l  r e s u l t s  a r e  presented i n  f i g u r e  5. Two 
i n t e r e s t i n g  po in t s  are not iceable  here. F i r s t ,  t he  convergence of both of these  
cases  i s  slower than t h a t  of the  c i r c u l a r  cy l inder  i n  f i g u r e  3. This is  due t o  t h e  
lack of s t r e a m w i s e  symmetry i n  the  pressure  d i s t r i b u t i o n  as compared with t h a t  of 
the c i r c u l a r  cy l inder .  Second, t he  upper and lower w a l l s  of the  l i f t i n g  configura-  
t i o n  converge a t  t he  same rate. Further  s t u d i e s  with the  method should be conducted 
before  making any profound s ta tements  about t he  g e n e r a l i t y  of t h i s .  
1 2  
I' 
Convergence of t he  f o r c e  c o e f f i c i e n t s  f o r  t he  l i f t i n g  a i r f o i l  is presented  i n  
f i g u r e  6, which shows a comparison with a re ference  f r e e - a i r  c a l c u l a t i o n  obta ined  by 
removing the  w a l l s  i n  the MAAD computer program. It i s  observed t h a t  although the  
w a l l s  are converged a f t e r  t h r e e  or fou r  i t e r a t i o n s ,  t he  e r r o r  i n  fo rce  c o e f f i c i e n t s  
is  reduced t o  less than 3 percent  by the  second i t e r a t i o n .  
A t  t h i s  po in t ,  it should be noted t h a t  the  convergence could have been enhanced 
i f  a less severe  tes t  case had been chosen. I f  t he  chord-height r a t i o  of t he  tunnel  
w a s  more i n  l i n e  wi th  those of t y p i c a l  a i r f o i l  tunnels ,  t he  v e l o c i t i e s  induced on 
t h e  w a l l s  by the  a i r f o i l  would have been smaller and, thus ,  t h e  w a l l  co r r ec t ions  
would have been correspondingly less. A l s o ,  s i n c e  a l l  i t e r a t i o n s  w e r e  s t a r t e d  from 
undiverged w a l l s ,  t he  i t e r a t i o n s  requi red  f o r  convergence would be less i f  they w e r e  
s t a r t e d  from, say,  a converged 2O angle-of-attack case and w e r e  i t e r a t e d  t o  a con- 
verged 3 O  angle-of -a t tack  case. 
Experimental Ver i f i ca t ion  of Convergence 
An experimental  s tudy  of t h e  f l ex ib l e -wa l l  i t e r a t i o n  procedure w a s  conducted i n  
t h e  Langley 6- by 19-Inch Transonic Tunnel. (See r e f .  23.) The wind tunnel  i s  an 
atmospheric blowdown f a c i l i t y  with 0.0125-open s l o t t e d  upper and lower w a l l s .  It has  
a Mach number range from about  0.2 t o  1.2 and a Reynolds number c a p a b i l i t y  of about 
3.0 x I O 6 ,  based on an a i r f o i l  chord of 6 i n .  The a i r f o i l  model spans t h e  tunnel  and 
i s  mounted r i g i d l y  on t u r n t a b l e s  which are manually r o t a t e d  t o  change angle  of 
a t t a c k .  A t y p i c a l  test  run would c o n s i s t  of a Mach number sweep a t  a f i x e d  a i r f o i l  
angle  of a t t a c k .  
For the  p re sen t  s tudy ,  t h e  s l o t t e d  upper and lower w a l l s  w e r e  removed and 
replaced with s o l i d  f l e x i b l e  w a l l s  extending from 29 i n .  ahead of t o  20 i n .  behind 
t h e  a i r f o i l  model. Each w a l l  had 11  manually operated jacking  s t a t i o n s  equa l ly  
spaced a t  4-in. i n t e r v a l s ,  where the  w a l l  l oca t ion  could be ad jus t ed  t o  wi th in  about  
*0.0015 in .  of t h e  d e s i r e d  s e t t i n g .  There w e r e  20 cen te r - l i ne  pressure  o r i f i c e s  
along each upper and l o w e r  w a l l .  Tunnel cen te r - l i ne  pressure  o r i f i c e s  w e r e  i n s t a l -  
l e d  along the  s idewa l l  both upstream and downstream of the  model. A v e r t i c a l  row of 
5 o r i f i c e s  loca ted  30 i n .  upstream of the  a i r f o i l  midchord w a s  used as a r e fe rence  
f o r  t he  wind-tunnel Mach number. 
The model s e l e c t e d  f o r  t h e  s tudy w a s  an NACA 0012 a i r f o i l  having a 6-in. chord. 
The model has 45 p res su re  o r i f i c e s  d i s t r i b u t e d  equa l ly  on the  upper and lower sur -  
f aces  wi th  1 l oca t ed  i n  the  lead ing  edge. The model is  mounted between tunne l  
s t a t i o n s  -3 i n .  and 3 in .  A l l  measurements w e r e  ob ta ined  a t  zero  angle  of a t t a c k .  
N o  drag d a t a  w e r e  obtained during any of t h e  t e s t  runs.  A schematic drawing of t he  
f a c i l i t y  and the  f l e x i b l e  w a l l  is shown i n  f i g u r e  7. 
Correc t ions  t o  t h e  f l e x i b l e  w a l l s  t o  remove i n t e r f e r e n c e  w e r e  made i n  t h r e e  
phases. Phase I w a s  a tunnel-empty boundary-layer co r rec t ion .  In t h i s  phase, t he  
w a l l s  w e r e  diverged t o  o b t a i n  a l e v e l  pressure  d i s t r i b u t i o n  along t h e  tunnel  a x i s .  
This w a s  accomplished by using t h e  a r e a - r a t i o  express ion  
v+ 1 
A 
A 
- 
0 
MO - -  
- M  
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obtained from one-dimensional gas dynamics. Here, A and M are t h e  l o c a l  area and 
Mach number, r e spec t ive ly ,  and A, and M, are the  upstream reference  condi t ions  of 
t he  same q u a n t i t i e s ,  respec t ive ly .  After the  l o c a l  area change w a s  determined, an 
approximate value of the  local change i n  the  displacement th ickness  
l a t e d  from 
A6* 
Since the  s idewa l l s  of the tunnel  are r i g i d ,  a l l  c o r r e c t i o n s  w e r e  appl ied  
the  top  and bottom f l e x i b l e  w a l l s .  The Ay co r rec t ion  w a s  determined by 
w a s  calcu- 
equal ly  to  
using 
A6* 6 + 19 
6 
Ay = 
The r e s u l t s  of t h i s  procedure f o r  a Mach number of about 0.71 a r e  presented i n  f ig -  
ure 8, i n  which pressure  da t a  obtained along both f l e x i b l e  w a l l s  and the  tunnel  
c e n t e r  l i n e  are p l o t t e d  f o r  t he  undiverged and diverged tunnel-wall  conf igura t ions .  
It i s  noted t h a t  the  w a l l s  were diverged f o r  a Mach number of 0.90, bu t  t h i s  s e t t i n g  
was equal ly  v a l i d  across  the  Mach number range as shown i n  f i g u r e  9. ?he tunnel- 
empty boundary-layer growth w a s  assumed t o  vary as 
6* a 
along each w a l l .  The c o e f f i c i e n t s  a and b were determined t o  have the  values  of 
0.0643 and 1 /5, r e spec t ive ly ,  by empir ica l ly  matching the  measured w a l l  d e f l e c t i o n s  
requi red  t o  achieve a cons tan t  Mach number d i s t r i b u t i o n  i n  the  test  sec t ion .  
co r rec t ions  a r e  shown i n  f i g u r e  10. 
!&e 
The Phase I1 wal l  co r rec t ions  were modif icat ions t o  account f o r  model-imposed 
pressure-gradient  v a r i a t i o n s  of t he  w a l l  boundary l aye r .  
ously noted expression f o r  6* w i l l  y i e l d  
D i f f e r e n t i a t i n g  the  prev i -  
0.259 
6* 
R 
e- 
dx 1 /4 
I f  the pressure-gradient  t e r m  from the  momentum i n t e g r a l  equat ion is added and i f  t he  
shape f a c t o r  is assumed t o  have the  value of 1.4, t h a t  i s ,  the  value t y p i c a l l y  
assumed f o r  a f l a t  p l a t e ,  then a genera l ized  expression of t he  boundary-layer var ia -  
t i o n  is given by 
2 6* du 0.259 -- - + (3.4 - M I ~ a x  - d 6* dx 
111 111 
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The previous equat ion w a s  then incorporated i n t o  a computer program which so lves  the  
t r anson ic  small-disturbance flow about an a i r f o i l .  I n t eg ra t ion  of t h i s  equat ion w a s  
then made along two-dimensional s t r i p s  on a l l  four  of t he  tunnel  w a l l s  t o  ob ta in  the  
model-imposed pressure-gradien t  e f f e c t s  on the  displacement thickness .  The theo re t -  
i ca l  viscous modif icat ions of Phase I1 are a l s o  shown i n  f i g u r e  10. The cor rec t ions  
to  the  f l a t - p l a t e  growth thus obtained w e r e  then added t o  those of Phase I t o  y i e l d  
t h e  e f f e c t i v e  s t r a igh t -wa l l  s e t t i n g s ,  t h a t  is, the  a c t u a l  w a l l  l oca t ion  p lus  the  6* 
v a r i a t i o n  due t o  t h e  model p re s su re  f i e l d .  Figure 1 1  presen t s  t he  r e s u l t s  of t he  
aforementioned w a l l  modif icat ion by comparing the  a i r f o i l  p re s su re  d i s t r i b u t i o n  
obtained with the  tunnel-empty w a l l  s e t t i n g s  with the  a i r f o i l  pressure d i s t r i b u t i o n  
obtained with the  e f f e c t i v e  s t r a igh t -wa l l  s e t t i n g s  a t  a free-stream Mach number of 
0.77. 
which is i n d i c a t i v e  of t he  e f f e c t s  of a closed tunnel .  
It can be seen t h a t  t he  s t r a i g h t  w a l l s  fo rce  an aftward movement of t he  shock, 
The f i n a l  phase (Phase 111) cons i s t ed  of po ten t ia l - f low co r rec t ions  i n  the  man- 
ner descr ibed i n  the  a n a l y s i s  s ec t ion .  The i t e r a t i o n s  w e r e  s t a r t e d  from the  e f f e c -  
t i v e  s t r a igh t -wa l l  s e t t i n g s ,  and a Mach number of 0.767, as measured from the  
upstream reference ,  w a s  taken as the  free-stream tes t  condi t ion .  A t  t h i s  Mach num- 
ber ,  a Reynolds number of about 3.0 x l o 6  could be obtained i n  the  tes t  f a c i l i t y .  
Because a symmetrical n o n l i f t i n g  model w a s  used, t he  pressures  on the  upper and lower 
w a l l s  a t  each given tunnel  s t a t i o n  were averaged t o  reduce experimental  s c a t t e r  i n  
t h e  da ta .  This  gave symmetrical upper and lower wal l  c o r r e c t i o n s  which are presented 
i n  f i g u r e  12. The r e s u l t s  i d e n t i f i e d  as 2A r ep resen t  12.5 percent  of t he  f u l l  cor-  
r e c t i o n  predic ted  from i t e r a t i o n  1 .  Analysis of t he  pressure  d a t a  from 2A with the  
FLEXWAL program ind ica t ed  t h a t  ahead of and over t he  model, an inward movement of t he  
w a l l  would be requi red  f o r  t h e  next  i t e r a t i o n .  The r e s u l t s  i d e n t i f i e d  as 2B repre-  
s e n t  25 percent  of t he  f u l l  co r rec t ion  predic ted  from i t e r a t i o n  1 .  
Analysis of the p res su re  d a t a  from 2B with the  FLEXWAL program ind ica t ed  t h a t  an 
outward movement of t he  w a l l  over t he  same region would be requi red  f o r  t he  next  
i t e r a t i o n .  Thus, t he  converged l o c a t i o n  f o r  most of t he  wal l  should l i e  between t h a t  
of i t e r a t i o n s  2A and 2B. Based on t h i s ,  it was decided t o  i n t e r p o l a t e  between i t e r a -  
t i o n s  2A and 2B by using the  a c t u a l  w a l l  l oca t ion  and the  p red ic t ed  wal l  changes 
from both runs 2A and 2B. The r e s u l t s  of t h i s  are ind ica t ed  as i t e r a t i o n  3. It is  
seen from f i g u r e  12 t h a t  t h e r e  i s  very l i t t l e  d i f f e rence  i n  t h e  w a l l  pos i t i ons  
between i t e r a t i o n s  2B and 3 .  The major d i f f e rences  appear t o  s t a r t  about 1-chord 
length  downstream of the  model t r a i l i n g  edge and extend t o  the  end of t he  f l e x i b l e -  
w a l l  t e s t  sec t ion .  It is  thought t h a t  these  d iscrepancies  are the  r e s u l t  of t h e  
i n e f f i c i e n t  dumping of a i r  leav ing  the  tes t  s e c t i o n  and flowing i n t o  the  d i f f u s e r  and 
poss ib ly  the  r e s u l t  of i n s u f f i c i e n t  c o n t r o l  of t he  w a l l s  i n  t h i s  region. A p o s t - t e s t  
eva lua t ion  of the f l ex ib l e -wa l l  e r r o r  a n a l y s i s  is  given i n  the  following t ab le :  
I t e r a t i o n  
0 
1 
2A 
2B 
3 
Relaxation 
f a c t o r  
0 -250 
.125 
-250 
In t e rpo la t ed  
I I  
0.08907 
-03295 
-0231 6 
002201 
001 251 
1 
-36997 
.26000 
024716 
- 1  4043 
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The w a l l s  are converging as found i n  t h e  numerical example, although no t  a t  the  op t i -  
mum rate. (See f i g .  3 . )  
The convergence of t he  a i r f o i l  p re s su re  d a t a  is presented  i n  f i g u r e  13. It can 
be seen that very l i t t l e  d i f f e r e n c e  e x i s t s  i n  d a t a  obta ined  from i t e r a t i o n s  2A, 2B, 
and 3. The d i f f e r e n c e s  t h a t  are p resen t ,  e s s e n t i a l l y  a very s m a l l  s h i f t  i n  t h e  shock 
loca t ion ,  are wi th in  t h e  Mach number and d a t a  scatter. Thus, for a l l  p r a c t i c a l  pur- 
poses,  convergence is achieved f o r  t h i s  tes t  conf igura t ion .  
COMPARISON OF FINAL RESULTS WITH OTHER DATA 
In t h i s  s e c t i o n ,  t h e  f i n a l  r e s u l t s  presented  i n  f i g u r e s  12 and 13 are compared 
wi th  o the r  da t a  and procedures.  Figure 14 shows t h e  agreement between t h e  w a l l  shape 
obtained by the  p r e s e n t  method and t h a t  obtained by t h e  a n a l y t i c a l  method of Newman 
and Anderson. (See r e f s .  24 and 25.) Their technique so lves  the  d i r e c t ,  i n v i s c i d  
boundary-value problem f o r  t h e  f r e e  a i r  flow about  t h e  shape given by an NACA 0012 
a i r f o i l  p lus  i t s  boundary-layer displacement th ickness .  The tunnel-wall  boundary- 
l a y e r  co r rec t ion  i s  then computed i n  a two-dimensional s t r i p w i s e  sense along a l l  
bounding s t r eaml ines  and is added t o  the  i n v i s c i d  s t r eaml ine  displacement t o  g ive  
t h e  s o l i d  contoured tunnel-wall  shape. For comparison purposes,  a l l  tunnel-wall  
boundary-layer displacement e f f e c t s  w e r e  added symmetrically t o  the  top  and bottom 
i n v i s c i d  w a l l  d e f l e c t i o n s .  It can be seen t h a t  t h e r e  i s  a s u b s t a n t i a l  d i f f e r e n c e  
between the  viscous and i n v i s c i d  p red ic t ions .  A sp l ined  curve through the  a c t u a l  
tunnel-wall  l oca t ion  (v iscous  flow p lus  poten t ia l - f low c o r r e c t i o n s )  from t h e  p re sen t  
s tudy i s  i n  good agreement with t h e  t h e o r e t i c a l  viscous p r e d i c t i o n  over most of t h e  
w a l l .  I f  t he  f i n e  d e t a i l  of t he  t h e o r e t i c a l  viscous p r e d i c t i o n  is  va l id ,  then it is  
obvious t h a t  t he  w a l l  j acks  are too  spa r se  t o  approximate the  requi red  shape. How- 
ever ,  it is  very encouraging to  see how w e l l  t he  requi red  w a l l  shape is approximated 
experimental ly .  The downstream discrepancy (as stated ear l ier)  occurs  because of 
t h e  i n e f f i c i e n t  dumping of t h e  tunnel  a i r  i n t o  t h e  d i f f u s e r  and poss ib ly  because of 
i n s u f f i c i e n t  w a l l  con t ro l .  
Figure 15 compares the  converged a i r f o i l  p re s su re  d i s t r i b u t i o n  with unpublished 
experimental  da t a  obtained by J. Osborne of the  Royal A i r c r a f t  Establishment,  
England. Osborne determined t h e  blockage i n t e r f e r e n c e  on an NACA 0012 a i r f o i l  a t  
zero l i f t  i n  t he  36- by 14-inch two-dimensional t r anson ic  wind tunnel  a t  t he  Nat ional  
Phys ica l  Laboratory. During t h e  Osborne tes t ,  t he  w a l l  openness w a s  sys t ema t i ca l ly  
var ied  to  determine the  c o r r e c t  value i n  such a way t h a t  i d e n t i c a l  p re s su res  could be 
obtained over t h e  15- t o  55-percent chord region of both a 5-in. and a 10-in. model 
a t  i d e n t i c a l  f ree-s t ream Mach numbers. It is  seen t h a t  t h e  d a t a  match reasonably 
w e l l  over most of t he  a i r f o i l  with the  l a r g e s t  d i f f e r e n c e  being a t  the  shock. I f  t h e  
Osborne da ta  are considered t o  be c o r r e c t ,  then the  r e s u l t s  of t he  p r e s e n t  s tudy  
appear to  have been obtained i n  a wind tunnel  which is too  open. %is i s  c o n s i s t e n t  
with the  f ind ings  presented i n  f i g u r e  14; t h a t  i s ,  t h e  l o c a t i o n  ( o r  s l o p e )  of t h e  
w a l l  is  no t  adequately con t ro l l ed  i n  the  immediate v i c i n i t y  of the  shock above the  
a i r f o i l  because the  w a l l  i s  too  open there .  
CONCLUDING REMARKS 
When the  wall-i teration-convergence concepts used i n  t h i s  r e p o r t  w e r e  o r i g i -  
n a l l y  conceived, t h e  computational procedures f o r  modeling t h e  wind-tunnel flow w e r e  
no t  gene ra l ly  a v a i l a b l e  and, thus ,  v e r i f i c a t i o n  of t he  t h e o r e t i c a l  i deas  and w a l l -  
cons t ruc t ion  geometry w a s  d i f f i c u l t .  With the  advent  of t h e  MAAD computer code, an 
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incompressible t o o l  f o r  a n a l y s i s  of t he  method became a v a i l a b l e  and the  convergence 
c h a r a c t e r i s t i c s  of the  method could be e a s i l y  s tud ied .  It has been shown a n a l y t i -  
c a l l y  and computationally t h a t  convergence f o r  t h e  severe  case  of t he  r a t i o  of model 
chord t o  tunnel  he igh t  of 0.5 could be achieved i n  th ree  or four  i t e r a t i o n s  f o r  
incompressible l i f t i n g  and n o n l i f t i n g  models when s t a r t i n g  from s t r a i g h t  undiverged 
w a l l s .  The number of i t e r a t i o n s  should be reduced s u b s t a n t i a l l y  i f  w a l l  modifica- 
t i o n s  begin a t  a previously adapted wal l  shape and/or i f  the model-tunnel geometry 
is less demanding. The method a l s o  demonstrated a proper coupling of the  upper and 
lower tunnel  w a l l s  cont ra ry  t o  o the r  methods; however, under r e l axa t ion  of t he  pre- 
d i c t ed  w a l l  change is  required,  and a r e l axa t ion  f a c t o r  of 0.25 gave the  maximum con- 
vergence rate i n  t h e  numerical examples. 
Experimental v e r i f i c a t i o n  has  been demonstrated a t  a low t r anson ic  Mach number 
f o r  symmetric flow t o  wi th in  the  wal l - reso lu t ion  c a p a b i l i t i e s  i n  two o r  t h ree  i t e r a -  
t i ons .  It i s  important  t o  note  t h a t  although the  jack spacing on the  test  wal l  w a s  
adequate f o r  t he  i n v i s c i d  s t reaml ine  modif icat ion,  t he  spacing w a s  unacceptable f o r  
captur ing  the  requi red  f i n e  d e t a i l s  because of t he  boundary-layer v a r i a t i o n  on the  
s idewal l s .  For the  p a r t i c u l a r  tes t  case s tud ied ,  t h i s  lack of boundary-layer d e f i n i -  
t i o n  appears t o  have manifested i t s e l f  i n  t he  improper loca t ion  and s t r eng th  of t he  
a i r f o i l  shock wave. 
Langley Research Center 
Nat ional  Aeronautics and Space Administration 
Hampton, VA 23665 
December 22, 1982 
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DISCRETIZATION OF PERTURBATION-VELOCITY INTEGRALS 
For re ference ,  t he  per turba t ion-ve loc i ty  i n t e g r a l  and r e l a t e d  express ions  are I 
I (A1 1 
(UT + v€,)ds - (US - Vq)dt 
2 r 
1 
and 
where 
1 t ; = s - x  > q =  t - y 
The closed pa th  over which the  i n t e g r a t i o n  occurs  i s  shown i n  f i g u r e  1 6 ( a ) .  The 
contour is composed of a f i n i t e  number of d i s c r e t e  p o i n t s  a t  which information i s  
known. These d a t a  p o i n t s  are denoted by the  symbol P j ,  where the  s u b s c r i p t  j is  
a n  index denot ing t h e  p o i n t  being considered. The w a l l  i s  assumed t o  be composed of 
s t r a i g h t - l i n e  segments between success ive  d a t a  p o i n t s  as shown i n  f i g u r e  1 6 ( b ) .  The 
p o i n t  labe led  with t h e  s u b s c r i p t  i i s  the  l o c a t i o n  a t  which the  i n t e g r a l s  are 
evaluated.  The length  of each segment is  
2 1 / 2  2 - t . )  1 - s . )  + (tj+l 1 = [ ( s j + l  
3 3 j 
(A41 
By us ing  equat ion (A4), running coord ina tes  may be e s t a b l i s h e d  along each segment. 
Thus, 
P' - P.  
S(P '1  = s + (sj+l - s . )  J 
3 'j 
18 
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and 
P'  - 
J 
t ( P ' )  = t .  + (t j  - t . )  
3 ' j  
However, i f  
P = P ' - P  
j 
then 
P 
s ( P 1  = s j  + (Sj+, - s.1- 
3 l j  
and 
P 
t ( P 1  = t j  + (tj+l - t . 1 -  
3 l j  
where p v a r i e s  from 0 f o r  P' = P t o  f o r  PI = P j + l .  Likewise, by assuming 
a l i n e a r  v a r i a t i o n  i n  u and v along ea:l s t r i p ,  t he  v e l o c i t i e s  a r e  w r i t t e n  as 
P 
u ( P )  = u j  + (u j+ l  - u.1- 
3 l j  
and 
P 
v(P1 = v j  + (v j+ l  - v.1- 
3 l j  
By d i f f e r e n t i a t i o n  of equat ions ( A 5 1  and (A6), 
- s .  ' dP ' + I  d s =  ' ,  S 
j 
and 
- t .  ' dP +1 
l 
t .  
d t  = 
j 
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The expression f o r  r 2 ( P )  i s  developed by using 
and 
- (yi - t . ) ( u j + l  - u * ) l -  P 
3 ‘j 1 3 - t.) 3 + [ 9 + 1  - tj’‘j 7 (t - y .  ) u  = -u. (Yi 
20 
- s . ) v  - ( X i  - s . ) ( v j + l  - V . ) l T  P 
i j  3 ’ j  
( s  - x . ) v  = -v . (x i  - s . )  + [ (s j+l  
1 3 7 
APPENDIX 
B y  de f in ing  
- s )v - (Xi  - s . ) ( v j + l  - v . )  
- ('j+l j j  3 3 
1 
j 
B2 - 
- t . ) v  - (yi - t . ) ( v j + l  - v . )  
B =  ( t j + l  i j  3 3 
4 I 
j 
- s.)(uj+l - u . 1  
('j+l 3 3 c1 = 
2 
' j  
a 
(sj+l - S . ) ( V j + 1  - v . 1  
- 3 3 
2 
1 
c2 - 
j 
( t j + l  - t . ) ( v j + l  - v . 1  
- 3 3 
c4 - - 2  
I 
j 
( A I  8a) 
( A I  8b) 
( A I  8c 
( A 1  8 d )  
( A I  8e) 
( A I  8 f )  
( A I  8 g )  
( A I  8h) 
( A I  8 i )  
( A I  8k) 
( A 1  81) 
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D = (xi - S . I 2  + (yi - t.) 2 
1 3 3 
- s  - 'j+l j 
- 1 
j 
- t . 1 1  
3 
Ap = A2 + A3 
B p  = B 2  + B 3  
cp = c2 + c3 
AD = A1 - A 4  
- B4 
CD = c1 - c4 
BD = B1 
t h e  i n t e g r a l s  i n  equat ions  ( A l l  and ( A 2 1  are r e w r i t t e n  as 
1 2 j AD + BDP + C P 5 (E1qllj + B ~ P  + c p2 
D 
D + D P + P  d P  - E29J  2 
P 
D + D P + P  
1" 2 
0 
2 U(Xi,Yi) = - - n 
1 2 j = 1  
and 
e(E19[1j A + B p + c p 2 1 j Ap + BPP + C b P  2 
2 
D D  
D1 + D P + P  0 D 1 + D P + P  
2 2 
- -  dP + E2 9[ 
2 
V(Xi,Yi) = - 
R j = I  
22 
( A I  8 m )  
( A I  8n) 
( A I  80) 
(A1 8p) 
P 
APPENDIX 
The i n t e g r a l s  i n  equat ions  ( A 1 9 1  and ( A 2 0 )  are of t he  form 
2 1 
3 
~ j A f B P + c p  d P = A I  + B I  + C I  
0 D 1 + D P + P  2 1 2 
2 
where 
dP 
D + D P + P  
1 2 
2 I 1  
-J'j  P dP 
I2 0 D + D P + P  2 
1 2 
-J'j P2 dP 
2 0 D + D P + P  
1 2 
I 3  - ( A 2 4 1  
Thus, 
and 
When using the  i n t e g r a l  t a b l e s  €or  eva lua t ing  the  i n t e g r a l s  i n  equat ions (A22), 
( A 2 3 ) ,  and ( A 2 4 ) ,  care must be taken t o  choose t h e  appropr i a t e  i n t e g r a t i o n  formula. 
This r equ i r e s  examination of t he  s i g n  and value of t he  q u a n t i t y  q, which is de f ined  
as 
2 
2 
q = 4 D  - D  1 
4 - t . l ( s j+ ,  - s.11 2 
3 3 3 3 
= -+xi - s .  ) ( t j + l  - t. 1 - (Yi 
1 
j 
( A 2 7 1  
Therefore,  
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By using t h e  i n t e g r a l  t a b l e s  of r e fe rence  2 6 ,  t h e  fo l lowing  equat ions  can be 
wr i t t en :  For q > 0, 
(Dl + D 2 i j  + 1;) D2 - -  1 
2 2  2 I 1  
I = - l n  
Dl 
I = I - D 2 1 2  - D I I l  
3 j  
_ -  
I f  
2 
q = 4 D  - D 2 = 0  
1 
then 2 
D 1 =(>) 
which g ives  
2 
'3 = I j - D 2 1 2  - (2) I, 
( A 2 9 1  
c 
( A 3 2 1  
( A 3 4 1  
Examination of t he  i n t e g r a l  express ions  given i n  equat ions  ( A l )  and ( A 2 )  o r  
(A19) and ( A 2 0 )  shows t h a t  a s i n g u l a r i t y  e x i s t s  a long t h e  s t r i p  conta in ing  t h e  p o i n t  
24 
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r2  = 0. 
i n t e g r a l  must be used. By cons ider ing  the  geometry as shown i n  f i g u r e  1 6 ( b ) ,  it can 
be seen t h a t  
Along t h i s  po r t ion  of the contour,  then, t h e  Cauchy p r i n c i p a l  part  of t he  
The i n t e g r a l s  a long  t h e  s t r ip  conta in ing  t h e  s i n g u l a r i t y  are then r ewr i t t en  as 
1 ds + d t  
S j + l  uE 2 + vE f t j + l  uE 1 - vE 
7c r n; r 
j j 
and 
d t  
n; r n; r 
' j+l  U E ~  - VE 
j 
(A361 
(A371 
a t  the  ends of by using t h e  no ta t ion  shown i n  f i g u r e  1 6 ( c ) ,  which has P 
t h e  s t r i p ,  P I  as t h e  running p o i n t  a long t h e  s t r i p ,  and P& as he loca t ion  of the  
s i n g u l a r i t y .  %en, 
j and p4+1 
o r ,  according t o  prev ious  usage, 
pC 
r = ~ -  
Ill1 1l1l11lll IIIIII I IIIII 
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The s i n g u l a r - s t r i p  i n t e g r a l s  i n  equat ions  (A37) and (A38) are then  r ewr i t t en  with the 
a i d  of equat ions  (A7) t o  (A10) and (A39) as 
P 
I j  v j  + (vj+l - v.1- 
3 Ij 
dP . . .  
C 71. P - Pc 
and 
P 
I j  u j  + ( U j + ,  - u.1- 
3 I j  
dP v c 7 1  = .J 0 P - Pc 
The in tegrands  of equat ions  (A40) and (A41) are r ewr i t t en ,  r e spec t ive ly ,  as 
and 
(A41 1 
Then, by s u b s t i t u t i n g  equat ions (A42) and (A431 i n t o  (A40) and (A41), t h e  i n t e g r a l s  
become 
- V 
j +1 
j 
I C 
C V j + l  I vj,)qi'j P dP - Pc + 
j 
f 
and 
U j + l  - uj)[" dP + U j +1 - "jJ'j d.3 
j 0 v C =; [tj + Pc I P - Pc 1 j 
f 
I 
The s i n g u l a r i t y  now occurs  i n  the  f i r s t  i n t e g r a l  of each of equat ions  (A44) and 
(A45). These are eva lua ted  by tak ing  the  l i m i t s  around pC of 
26 
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S u b s t i t u t i n g  equat ion  (A46) i n t o  (A44) and (A451 g ives ,  r e spec t ive ly ,  
I 
and 
v + P  C uj+l I - uj) ln('jpi pc) + (u j+ l  c a j  
j 
(A47 
(A481 
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Analytic region 
Singular region 
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Figure 1.- Contour used for eva lua t ion  of equat ion  ( 7 ) .  
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Figure 2.- Indented contour used for eva lua t ion  of equat ion (8)  as z approaches 
the  boundary c , .  
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Figure 3.- Circular -cy l inder  convergence c h a r a c t e r i s t i c s .  
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Figure 4.- Flexible-wal l  s e t t i n g s  f o r  c i r c u l a r  cy l inder .  Relaxat ion f a c t o r ,  0.25. 
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Figure 5.- Flexible-wall convergence character is t ics  for  an NACA 001 2 a i r f o i l .  
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Figure 6.- convergence of force coefficients of an NACA 0012 a i r f o i l  a t  an angle of 
attack of 3 O .  
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Figure  7.- Schematic drawing of f l ex ib l e -wa l l  tunnel .  Dimensions are i n  inches.  
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Figure 8.- Tunnel-empty f lex ib le -wal l  c a l i b r a t i o n  f o r  diverged and undiverged 
w a l l s .  M = 0.71. 
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Figure 9 .- Tunnel-empty f lex ib le -wal l  c a l i b r a t i o n  f o r  diverged w a l l s .  
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Figure 10.- Viscous corrections. Mm = 0.767. 
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Figure 11.- Comparison of a i r f o i l  p ressures  With viscous co r rec t ions  t o  f l e x i b l e  
wal ls  a t  Ma = 0.77. 
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Figure 14.- Comparison of f i n a l  r e s u l t s  with Newman-Anderson theory (refs. 24 and 25) f o r  an NACA 0012 a i r f o i l .  
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Figure 15.- Comparison of f i n a l  a i r f o i l  r e s u l t s  with Osborne's experimental  d a t a  
6 for  an NACA 0012 a i r f o i l .  M m  = 0.767; R~~~~~ = 3.07 x 10 . 
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( a  1 Discretized wind-tunnel-wall contour. 
( b )  Singular-wall-strip notation. 
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Figure 16.- Wind-tunnel w a l l  and nomenclature. 
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